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A Note on Higher Cohomology Groups of Ka¨hler Quotients
Siye Wu1
Department of Pure Mathematics, University of Adelaide, Adelaide, SA 5005, Australia
Abstract. Consider a holomorphic torus action on a possibly non-compact Ka¨hler manifold. We show
that the higher cohomology groups appearing in the geometric quantization of the symplectic quotient
are isomorphic to the invariant parts of the corresponding cohomology groups of the original manifold.
For non-Abelian group actions on compact Ka¨hler manifolds, this result was proved recently by Teleman
and by Braverman. Our approach is applying the holomorphic instanton complex to the prequantum line
bundles over the symplectic cuts. We also settle a conjecture of Zhang and the present author on the exact
sequence of higher cohomology groups in the context of symplectic cutting.
1. Introduction
Let G be a compact Lie group and g, its Lie algebra. Suppose G acts on a symplectic manifold (X,ω) in
a Hamiltonian fashion, with moment map µ:X → g∗. If 0 is a regular value of µ and, for simplicity, if G acts
freely on µ−1(0), then the symplectic quotient X0 = µ−1(0)/G is a smooth symplectic manifold. Recall that a
prequantum line bundle L on (X,ω) is a complex line bundle whose curvature is ω√−1 . Suppose such a bundle
L exists. If the G-action lifts to L, then the bundle L descends to a prequantum line bundle L0 on X0.
When X is a Ka¨hler manifold, L can be chosen as a holomorphic bundle. If there is a holomorphic G-action
onX that lifts to L, then the twisted Dolbeault cohomology groupsHk(X,O(L)) are representations ofG. The
space of holomorphic sectionsH0(X,O(L)) is usually considered as the quantization of the Ka¨hler manifold X .
Guillemin and Sternberg [4] showed that if X is compact and Ka¨hler, then H0(X,O(L))G ∼= H0(X0,O(L0)).
When (X,ω) is symplectic, the individual cohomology groups do not make sense, but there is a Spinc-Dirac
operator 6D (depending on a compatible almost complex structure and twisted by L) whose index space
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H(X) = ker 6D ⊖ coker 6D is equal to ⊕k≥0(−1)kHk(X,O(L)) when X is Ka¨hler. Thus H(X) is a natural
definition of quantization in the general situation. The quantization conjecture of Guillemin and Sternberg is
that
H(X)G ∼= H(X0). (1.1)
When X is compact and when G is a torus or non-Abelian group, the conjecture was proved by Meinrenken
[8, 9], Jeffrey and Kirwan [5], Vergne [14] and others under various generalities using localization techniques
(see [11] for a review), and by Tian and Zhang [13] using an analytic approach.
If in addition X is a compact Ka¨hler manifold, Tian and Zhang [13] proved Morse-type inequalities
∑
k≥0
dimHk(X0,O(L0)) =
∑
k≥0
dimHk(X,O(L))G + (1 + t)Q(t) (1.2)
for some Q(t) ≥ 0. Recently, it was shown by Teleman [12], and by Braverman [2] using a different method,
that Hk(X,O(L))G ∼= Hk(X0,O(L0)) for every k ≥ 0. Therefore the inequalities (1.2) are in fact equalities.
In this paper, we show that Hk(X,O(L))G ∼= Hk(X0,O(L0)) holds for a class of non-compact Ka¨hler
manifolds with torus actions satisfying the assumption of [10]. Our approach is applying the analog of instanton
complex in holomorphic Morse theory [17] to the symplectic cuts of Lerman [6]. This can be compared
with [3], which applies the fixed-point formula to the same geometric setting for compact manifolds. As
another application of our method, we settle a conjecture in [18, Remark 4.11] on the exact sequence of higher
cohomology groups in the context of symplectic cutting.
For non-compact non-Ka¨hler symplectic manifolds, the validity of (1.1) remain open.
The rest of this paper is organized as follows. In section 2, we recall some notations and review the main
results of holomorphic Morse theory. In section 3, we apply the above results to the prequantum line bundles
of symplectic cuts and quotients.
2. Review of the instanton complex in holomorphic Morse theory
The analog of instanton complex in holomorphic Morse theory [17] is a spectral sequence converging to
the Dolbeault cohomology groups twisted by a holomorphic vector bundle. This construction is possible only
when the connected components of the fixed-point set form a partially ordered set. The existence of such a
spectral sequence implies holomorphic Morse inequalities and fixed-point formulas on a possibly non-compact
manifold. When the manifold is compact and Ka¨hler, the partial order condition is automatically satisfied.
Thus the results of [15, 7, 16, 18] are recovered. On the other hand, the example in [16] shows that without the
partial order condition, the holomorphic Morse inequalities can fail. Here we consider a class of non-compact
Ka¨hler manifolds where the partial order condition holds.
2
We first recall some notations and the basic facts of holomorphic torus actions. For more details, see [17,
§2] and references therein.
Let T be a complex torus with Lie algebra t. Let TR be the (real) maximal compact torus subgroup of
T and tR =
√−1Lie(TR). Let ℓ be the integral lattice in tR, and ℓ∗ ⊂ t∗R, the dual lattice. For a (complex)
representation W of T , we let Wλ be the subspace of weight λ ∈ ℓ∗ and charW =
∑
λ∈ℓ∗ dimC Wλe
λ, the
character ofW . If T = C×, the multiplicative group of non-zero complex numbers, then TR = S1, tR = R, and
ℓ = Z. In general, for any v ∈ ℓ− {0}, there is an embedding jv:C× → T whose image C×v is a C×-subgroup
of T .
Let X be a complex manifold of dimension n. Suppose T acts holomorphically and effectively on X .
The fixed-point set XT of T in X , if non-empty, is a complex submanifold of X . Let F be the set of
connected components of XT . Then XT =
⋃
α∈F X
T
α , where X
T
α is the component labeled by α ∈ F . Let
nα = dimC X
T
α . Let Nα → XTα be the (holomorphic) normal bundle of XTα in X . T acts on Nα preserving the
base XTα pointwise. The weights of the isotropy representation on the normal fiber remain constant within
any connected component. Let λα,k ∈ ℓ∗ − {0} ⊂ t∗R (1 ≤ k ≤ n − nα) be the isotropy weights on Nα. The
hyperplanes (λα,k)
⊥ ⊂ tR cut tR into open polyhedral cones called action chambers [10]. Choose an action
chamber C. Let λCα,k = ±λα,k, with the sign chosen so that λCα,k ∈ C∗. (Here C∗ is the dual cone in t∗R defined
by C∗ = {ξ ∈ t∗R | 〈ξ, C〉 > 0}.) We define νCα as the number of weights λα,k ∈ C∗. Let NCα be the direct sum
of the sub-bundles corresponding to the weights λα,k ∈ C∗. Then Nα = NCα ⊕ N−Cα . νCα is the rank of the
holomorphic vector bundle NCα ; that of N
−C
α is ν
−C
α = n − nα − νCα , which is called the polarizing index of
XTα with respect to C.
We further assume that (X,ω) is a Ka¨hler manifold and that the action of the compact torus TR is
Hamiltonian with respect to the Ka¨hler form ω. Then XTα (α ∈ F ) are Ka¨hler submanifolds. Let µ:X → t∗R
be the moment map.
Assumption 2.1 ([10, Assumption 1.3]) There is v ∈ tR such that 〈µ, v〉:X → R is proper and not surjective
and F is a (non-empty) finite set.
Under this assumption, there is an action chamber C such that the function 〈µ, v〉 is bounded from
above if v ∈ C [10]. Since for any x ∈ X , 〈µ, v〉 strictly decreases under the flow t 7→ jv(et)x, the limit
limu→0 jv(u)x exists. This limit depends only on the action chamber C containing v and is therefore denoted
by πC(x). Clearly πC :X → XT . Set XCα = (πC)−1(XTα ). Then we have the Bia lynicki-Birula decomposition
X =
⋃
α∈F X
C
α . If for x ∈ X , the limit limu→∞ jv(u)x also exists, it depends only on C as well; we denote it
by π−C(x).
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We define a relation ≺ on F . For α, β ∈ F , we write α → β if there is x ∈ X such that πC(x) ∈ XTα
and π−C(x) ∈ XTβ . We write α ≺ β if either α = β or there is a chain from α to β, i.e., a finite sequence
α0 = α, a1, . . . , αr−1, αr = β in F such that αi−1 → αi for all 1 ≤ i ≤ r (r > 0). For general holomorphic
torus actions, (F,≺) need not be a partially ordered set. Holomorphic Morse theory fails precisely in this case
[16, 17]. In our situation of non-compact Ka¨hler manifolds, ≺ is a partial ordering since 〈µ, v〉 is a strictly
decreasing function on (F,≺).
A consequence of having a partial ordering ≺ on F is as follows. The Bia lynicki-Birula decomposition
becomes filterable in the sense that there is a descending sequence of T -invariant subvarieties X = Z0 ⊃ Z1 ⊃
· · · ⊃ Zm ⊃ Zm+1 = ∅ such that for all 0 ≤ p ≤ m, Zp − Zp+1 =
⋃
α∈Fp X
C
α for a subset Fp ⊂ F such that
neither α ≺ β nor β ≺ α if α 6= β ∈ Fp.
Now we state the main result of [17] specialized to Ka¨hler manifolds satisfying Assumption 2.1. The
following is a combination of [17, Proposition 2.16] and [17, Theorem 3.14.1].
Theorem 2.2 Let X be a Ka¨hler manifold with an effective holomorphic T -action such that the TR-action
is Hamiltonian and satisfies Assumption 2.1. Let E be a holomorphic vector bundle over X on which the
T -action lifts holomorphically. Then there is a T -equivariant spectral sequence converging T -equivariantly to
H∗(X,O(E)) with
Epq1 =
⊕
α∈Fp
Hp+q+ν
C
α +nα−n(XTα ,O(S((NCα )∗)⊗ S(N−Cα )⊗∧n−nα−νCα (N−Cα )⊗ E|XTα )). (2.1)
We remark that there is another spectral sequence converging to the Dolbeault cohomology groups with
compact support [17, Theorem 3.7.1], which seems not to be related to problems of geometric quantization
[17, Remark 4.9.1].
3. Applications to higher cohomology groups of Ka¨hler quotients
We apply Theorem 2.2 to the prequantum line bundles on Ka¨hler manifolds. Let (X,ω) be a (possibly
non-compact) Ka¨hler manifold with a holomorphic action of the complex torus T . Assume that the action of
the compact torus TR is Hamiltonian and the moment map µ:X → t∗R satisfies Assumption 2.1. Recall that
a prequantum line bundle L on (X,ω) is a holomorphic line bundle whose curvature is ω√−1 . Suppose such a
bundle L exists and the T -action lifts to a holomorphic action on L. We choose the lifted action such that the
weight on the fiber L|XTα (α ∈ F ) is µ(XTα ) ∈ ℓ∗. We will study the cohomology groups Hk(X,O(L)) (k ≥ 0)
as representations of T . Suppose 0 is a regular value of µ. For simplicity, we assume that the TR-action on
µ−1(0) is free. Then the symplectic quotient X0 = µ−1(0)/TR is a smooth Ka¨hler manifold. Moreover, L
descends to a prequantum line bundle L0 on X0.
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We first consider the case T = C×. Without loss of generality, we assume that the moment map µ
is bounded from above. Choose the action chamber C = R+ and set N±α = N
±C
α , να = ν
C
α (α ∈ F ).
We construct the symplectic cuts (X±, ω±) as the symplectic quotients of the S1-action on X × C, where
the weights on C are ±1, respectively [6]. The two cuts X± are Ka¨hler manifolds with holomorphic C×-
actions. X+ is compact and X− satisfies Assumption 2.1. The sets of connected components of XC
×
± are
F± = {0} ∪ {α ∈ F |µ(XC×α ) ∈ R±}, respectively, and XC
×
±,0 ∼= X0, XC
×
±,α ∼= XC
×
α as complex manifolds [18,
Lemma 4.6], which we now identify. Let N0 → X0 be the holomorphic line bundle associate to the circle
bundle µ−1(0) → X0. Then C× acts on the fibers of N0 with weight 1. The holomorphic normal bundles of
X0 in X± are isomorphic to N∓10 , respectively. Since the action of C
× lifts to L, the prequantum line bundles
L0 → X0 and L± → X± exist. We have the isomorphisms L±|X0 ∼= L0 and L±|X±−X0 ∼= L|µ−1(R±) (see for
example [18, Lemma 4.9]).
Theorem 3.1 Under the above assumptions, we have, for every k ≥ 0,
1.
Hk(X±,O(L±))C× ∼= Hk(X0,O(L0)). (3.1)
2.
Hk(X+,O(L+))λ ∼=


Hk(X,O(L))λ, if λ ≥ 0,
0, if λ < 0.
(3.2)
3. if S1 acts on µ−1(a) freely for sufficiently negative a < 0, then
Hk(X−,O(L−))λ ∼=


0, if λ > 0,
Hk(X,O(L))λ, if λ ≤ 0.
(3.3)
Proof. 1. Recall that the normal bundle of X0 in X− is N0. By Theorem 2.2, Hk(X−,O(L−)) can be com-
puted by a spectral sequence whose E1-terms are given by the cohomology groups H
∗(XC
×
α ,O(S((N+α )∗) ⊗
S(N−α )⊗∧n−nα−να(N−α )⊗L|XC×α )) (α ∈ F−−{0}) and H∗(X0,O(S(N−10 )⊗L0)). Since the weight of C× in
L|
XC
×
α
is µ(XC
×
α ) < 0 for α ∈ F− − {0}, the weights in the former cohomology groups (on XC
×
α ) are negative.
On the other hand, the weights in the latter (on X0) are non-positive; the C
×-invariant part (with weight 0)
comes from H∗(X0,O(L0)). Therefore, Hk(X−,O(L−))λ = 0 for λ > 0. Moreover, the C×-invariant part of
the spectral sequence degenerates at E1, and hence H
k(X−,O(L−))C× ∼= Hk(X0,O(L0)). By reversing the
S1-action, we obtain Hk(X+,O(L+))λ = 0 for λ < 0 and Hk(X+,O(L+))C× ∼= Hk(X0,O(L0)).
2. Next, we show that Hk(X+,O(L+))λ ∼= Hk(X,O(L))λ for λ ≥ 0. The normal bundle of X0 in X+ is N−10 .
By Theorem 2.2, the E1-terms of the spectral sequence forH
k(X+,O(L+)) are given byH∗(XC×α ,O(S((N+α )∗)⊗
S(N−α ) ⊗ ∧n−nα−να(N−α ) ⊗ L|XC×α )) (with α ∈ F+ − {0}) and H∗(X0,O(S(N−10 ) ⊗ N−10 ⊗ L0)), whereas
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those for Hk(X,O(L)) are given by H∗(XC×α ,O(S((N+α )∗) ⊗ S(N−α ) ⊗ ∧n−nα−να(N−α ) ⊗ L|XC×α )) with all
α ∈ F . For both spectral sequences, the restrictions of the E1-terms to a non-negative weight λ ≥ 0 are
H∗(XC
×
α ,O(S((N+α )∗)⊗ S(N−α )⊗∧n−nα−να(N−α )⊗L|XC×α ))λ (α ∈ F+ −{0}). From the proof of [17, Propo-
sition 2.16], the open sets X+ − X0 ⊂ X+ and {x ∈ X |µ(x) > 0} ⊂ X are holomorphically isomorphic. So
for the two spectral sequences associated to X+ and X , the coboundary operators are the same after the
restriction to the non-negative weight spaces. This implies the desired isomorphism.
3. Finally, we show thatHk(X−,O(L−))λ ∼= Hk(X,O(L))λ for λ ≤ 0. IfX is compact, this follows from part 2
by reversing the S1-action. If µ is not bounded from below, choose a sufficiently negative a < 0. We shift the
moment map to µ−a and denote byX≥a the symplectic cut above level a and by L≥a the prequantum line bun-
dle over X≥a. Under our assumptions, X≥a and (X−)≥a are smooth compact Ka¨hler manifolds. Using part 2,
we conclude that Hk(X,O(L))λ ∼= Hk(X≥a,O(L≥a))λ and Hk(X−,O(L−))λ ∼= Hk((X−)≥a,O((L−)≥a))λ
whenever λ > a. The proof is thus reduced to the compact situation. ✷
Remark 3.2 1. Theorem 3.1.1 implies that the Morse-type inequalities in [18, Proposition 4.10] are equalities.
2. We believe that the further assumption in Theorem 3.1.3 in the non-compact situation is technical can be
avoided in a more careful analysis.
We now consider the case of torus action. Recall the notations at the beginning of this section.
Corollary 3.3 Let X be a (possibly non-compact) Ka¨hler manifold with a holomorphic T -action. Suppose
the TR-action is Hamiltonian and satisfies Assumption 2.1. Suppose 0 is a regular value of the moment map
µ and TR acts on µ
−1(0) freely. Then there is an isomorphism
Hk(X,O(L))T ∼= Hk(X0,O(L0)) (3.4)
for every k ≥ 0.
Proof. From parts 1 and 2 of Theorem 3.1, we get Hk(X,O(L))C× ∼= Hk(X+,O(L+))C× ∼= Hk(X0,O(L0));
this is (3.4) when T = C×. The general case follows by induction using reduction in stages. ✷
Example 3.4 We give an example in which a higher cohomology group does not vanish. Let Σ be a Riemann
surface of genus g ≥ 2 with constant curvature. Then the holomorphic cotangent bundle T ∗Σ is the prequan-
tum line bundle for a symplectic form on Σ . We have dimC H
0(Σ ,O(T ∗Σ)) = g and dimC H1(Σ ,O(T ∗Σ)) = 1.
Consider P1 with the standard C×-action such that the image of the moment map is [−1, 1]. Let L1 be pre-
quantum line bundle over P1. Let X = Σ × P1 so that C× acts only on the second factor. Let πΣ and π1 be
the projections from X to Σ and P1, respectively. Then L = π∗
Σ
TΣ ⊗ π∗1L1 is a prequantum line bundle over
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X . The action of S1 on X is Hamiltonian and the symplectic quotient X0 ∼= Σ , with L0 ∼= T ∗Σ . According to
Corollary 3.3, H1(X,O(L))C× ∼= H1(Σ ,O(T ∗Σ)) 6= 0. For an example in which the manifold is not a product,
consider the projectivization of a non-trivial line bundle over Σ .
Finally, we return to the study of symplectic cuts of C×-actions.
Corollary 3.5 Under the conditions of Theorem 3.1, there is an C×-equivariant short exact sequence
0→ Hk(X,O(L))→ Hk(X+,O(L+))⊕Hk(X−,O(L−))→ Hk(X0,O(L0))→ 0 (3.5)
for every k ≥ 0.
Proof. We decompose (3.5) into weight spaces of the C×-action. For a positive or negative weight λ ∈ Z,
(3.5) reduces to Hk(X,O(L))λ ∼= Hk(X+,O(L+))λ and Hk(X,O(L))λ ∼= Hk(X−,O(L−))λ, respectively. The
C
×-invariant part of (3.5) is exact because of the isomorphisms Hk(X,O(L))C× ∼= Hk(X±,O(L±))C× ∼=
Hk(X0,O(L0)). ✷
Remark 3.6 In [13, Remark 4.11], it was conjectured that when M is compact, there is an C×-equivariant
long exact sequence
· · · → Hk(X,O(L))→ Hk(X+,O(L+))⊕Hk(X−,O(L−))→ Hk(X0,O(L0))→ Hk+1(X,O(L))→ · · · (3.6)
This implies, among other things, Morse-type inequalities
n∑
k=0
tk charHk(X+,O(L+)) +
n∑
k=0
tk charHk(X−,O(L−)) +
n−1∑
k=0
tk+1 charHk(X0,O(L0))
=
n∑
k=0
tk charHk(X,O(L)) + (1 + t)Q(t), (3.7)
for some character-valued polynomial Q(t) ≥ 0. Braverman [1] proved that when M is compact, (3.7) holds
for a general vector bundle on which the C×-action lifts; the proof was based on an elegant construction of
a holomorphic family of complex manifolds which degenerate at one fiber to the union of X+ and X− along
X0. However the long exact sequence (3.6) for the prequantum line bundle has remained open except in
some examples where all the cohomology groups are explicitly known. (See for example [1, Example 2.14].)
Corollary 3.5 is stronger than exactness of (3.6) and holds for possibly non-compact manifolds.
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